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a b s t r a c t
We investigate the Hamilton connectivity and Hamilton laceability of generalized Petersen
graphs whose internal edges have jump 1, 2 or 3.
© 2009 Elsevier B.V. All rights reserved.
1. Prologue
I met Jiping Liu in 1986 at the First China–USA Graph Theory Conference in Jinan. By the end of the conference, he had
decided to come to Simon Fraser University to pursue graduate work. He became my seventh Ph.D. student and completed
the program in 1992.
My earliest memory of Jiping centers around the generous help he provided our party of four in copingwith preparations
for the train trip from Shandong to Beijing following the conference. Kindness and generositywere two of his trademarks. As
a student he worked diligently, independently and with good insight. Even though he was quiet and gentle, he always had
a strong sense of fairness. He would become adamant in opposition to situations he perceived to be unfair. This extended to
situations in which he saw other people being treated unfairly.
He started at the University of Lethbridge on one-year term appointments before accepting a tenure track position there.
He prospered there receiving tenure and was up for promotion to full professor during the 2005–2006 academic year.
It was with great shock and sadness, shared by many, that I learned he had been badly injured in a car accident this past
January (2006). He never regained consciousness and passed away a few days later. He will be missed by many of us.
The contents of this paper are an outgrowth of one chapter in his Ph.D. thesis. We always intended to write a joint paper
about this material but never got around to it (mostly my fault). It is with a heavy heart that I now write the paper alone.
2. Introduction
The Petersen graph plays a special role in graph theory. In fact, Holton and Sheehanwrote a book [9] entitled The Petersen
Graph that is devoted entirely to properties of and topics revolving around the Petersen graph. There are two families
of graphs that were developed specifically to try to mimic special properties of the Petersen graph. One such family is
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the collection of metacirculant graphs introduced in [3]. They are constructed to generalize the action of the imprimitive
transitive group of order 20 contained in the automorphism group of the Petersen graph. The other family was introduced
by Watkins [12] and they are known as generalized Petersen graphs. This family mimics a basic structural property of the
Petersen graph.
We define the generalized Petersen graph GP(n, k), 1 5 k < n, as follows. The vertex set is {ui, vi : 0 5 i 5 n − 1} and
the edge set is {uiui+1, vivi+k, uivi : 0 5 i 5 n − 1}, where the subscript arithmetic is done modulo n using the residues
0, 1, . . . , n− 1. We want GP(n, k) to be trivalent so that we tacitly assume throughout the paper that the trivial cases of the
definition are excluded. That is, we assume that n = 3 and k 6= n/2 when n is even.
Two problems were studied upon the introduction of generalized Petersen graphs: Characterize those admitting a 1-
factorization and characterize those containing a Hamilton cycle. Castagna and Prins [6] provided an answer to the former
by proving that the Petersen graph itself is the only generalized Petersen graph not admitting a 1-factorization.
The hamiltonian problem turned out to be more elusive. First, Robertson [11] and Bondy [5] proved independently that
GP(n, 2) is hamiltonian if and only if n 6≡ 5(mod 6). In the latter paper, Bondy also proved that GP(n, 3) is hamiltonian
whenever n 6= 5. They conjectured that the non-hamiltonian examples of the form GP(n, 2) are the only non-hamiltonian
examples. Lending credence to the conjecture was the fact that Castagna and Prins established 1-factorizations for most
of the generalized Petersen graphs by discovering a Hamilton cycle. The Bondy–Robertson conjecture was solved in two
papers. Bannai [4] showed that GP(n, k) is hamiltonian when n and k are relatively prime and GP(n, k) is not isomorphic to
GP(n, 2), with n ≡ 5(mod 6). The proof of the conjecture was completed by Alspach [1].
One of the original reasons for considering Hamilton cycles in generalized Petersen graphs is because of the interest
in Hamilton cycles in vertex-transitive graphs. There are only four known non-trivial connected vertex-transitive graphs
without Hamilton cycles. One of them, of course, is the Petersen graph, and another is the graph of order 30 one gets by
expanding each vertex of the Petersen graph into a triangle and connecting the triangles in the obvious manner. Thus, there
was an obvious question as to whether the family of generalized Petersen graphs might contain unknown non-hamiltonian
vertex-transitive graphs.
Frucht, Graver and Watkins [8] showed that GP(n, k) is vertex-transitive if and only if k2 ≡ ±1(mod n) or (n, k) =
(10, 2). From this and the characterization of hamiltonian generalized Petersen graphs, it is easy to see that the only
non-hamiltonian, vertex-transitive generalized Petersen graph is the Petersen graph itself. Thus, there are no other non-
hamiltonian vertex-transitive graphs in the family of generalized Petersen graphs. The generalized Petersen graphs that are
Cayley graphs was solved in [10].
In a sense, there are not many vertex-transitive generalized Petersen graphs, and this might lead one to think that
generalized Petersen graphs do not havemuch of a role to play in the search for Hamilton cycles in vertex-transitive graphs.
This is not the case because vertex-transitive graphs may contain generalized Petersen graphs as subgraphs. For example,
if a vertex-transitive graph X has a semiregular automorphism α, then the subgraph induced by X on two of the orbits of
〈α〉 easily can contain a subgraph that is isomorphic to a generalized Petersen graph. This idea was exploited extensively
in [2] to lift Hamilton cycles in quotient graphs to the original graph using knowledge about Hamilton cycles in generalized
Petersen graphs.
An even stronger condition can hold with regard to Hamilton cycles in graphs. A graph X is Hamilton-connected if for
any two vertices u, v ∈ V (X), there is a Hamilton path joining u and v. Of course, a bipartite graph of order bigger than
2 cannot possibly be Hamilton-connected. However, it might be the case that for any two vertices in different parts there
is a Hamilton path joining them. If this happens, we call the bipartite graph Hamilton-laceable. The following theorem is
from [7].
Theorem 2.1 (Chen and Quimpo). A connected Cayley graph of valency at least three on an Abelian group is Hamilton-connected,
unless it is bipartite in which case it is Hamilton-laceable.
It is tempting to try to extend the Chen–Quimpo Theorem to other families of vertex-transitive graphs. Because of the
role that generalized Petersen graphs sometimes play in the search for Hamilton cycles, it makes sense to query whether
they can play a similar role in the quest for Hamilton connectedness and Hamilton laceability. Adding fuel to the fire is the
fact that even though GP(n, 2), n ≡ 5(mod 6), is not hamiltonian, it misses by very little in the sense that there is a Hamilton
path between any two non-adjacent vertices of GP(n, 2). This led the first author to make the following conjecture about
twenty years ago (never published).
Conjecture 2.2. The generalized Petersen graph GP(n, k), where gcd(n, k) = 1 and GP(n, k) is not isomorphic to GP(6m+5, 2)
for some integer m, is Hamilton-connected, unless it is bipartite in which case it is Hamilton-laceable.
The requirement that n and k are relatively prime, in the preceding conjecture, is not well understood. For example, there
is no Hamilton path joining u1 and u3 in GP(6, 2), but GP(8, 2) is Hamilton-connected.
3. Toolkit
This section contains a description of the essential techniques we use to obtain the results. The first technique is the
well-known Posa exchange. Suppose we are given a Hamilton path H = x1x2 . . . xn in a graph of order n. If xn is adjacent to
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a vertex xi, 1 < i < n− 1, then we remove the edge xixi+1 from H and insert the edge xixn. This results in a Hamilton path
H ′ from x1 to xi+1. As long as xn has valency at least 2, we can always perform a Posa exchange and obtain a new Hamilton
path with x1 as one of the terminal vertices. Frequently one can perform a sequence of Posa exchanges and get Hamilton
paths from a fixed vertex to a substantial number of distinct vertices.
When k = 2, we take a Hamilton path in GP(n, 2) and show how to insert 12 new vertices that yield a Hamilton path in
GP(n+ 6, 2). We now describe the insertions.
t t t t t tt t t tA T H⇒ t t t t t t t t t t t tt t t t t t t t t tA T
Type A Insertion
t t t t tt t t tA T H⇒ t t t t t t t t t t tt t t t t t t t t tA T
Type B Insertion
t t t t tt t t tTA H⇒ t t t t t t t t t t tt t t t t t t t t tA T
Type C Insertion
t t t t t tt t t tTA H⇒ t t t t t t t t t t t tt t t t t t t t t tA T
Type D Insertion
t t t tt t t tA T H⇒ t t t t t t t t t tt t t t t t t t t tA T
Type E Insertion
t t t tt t t tA T H⇒ t t t t t t t t t tt t t t t t t t t tA T
Type F Insertion
t t t t tt t t t tA T H⇒ t t t t t t t t t t tt t t t t t t t t t tA T
Type G Insertion
t t t t t tt t t t t tA T H⇒ t t t t t t t t t t t tt t t t t t t t t t t tA T
Type H Insertion
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We now say a few words about the diagrams above just in case it is not obvious how they are to be interpreted.
The vertices along the top line are successive vertices of the form uj, uj+1, uj+2 and so on in some GP(n, 2). The vertices
immediately below are vj, vj+1, vj+2 and so on. The vertex labelled T is the terminal vertex of some Hamilton path starting
at u0 in GP(n, 2). In the left diagram, if the vertex labelled T is the vertex uk, then the vertex labelled A is the vertex uk−1. The
right diagram shows how to insert six vertices between uk−1 and uk, and six vertices between vk−1 and vk so that we have a
Hamilton path from u0 to uk+6 in GP(n+ 6, 2), where T now is uk+6.
We need insertions for the cases that the terminal vertex is some vi.
t t t tt t tA
T
H⇒ t t t t t t t t t tt t t t t t t t tA
T
Type I Insertion
t t t tt t t tA
T
H⇒ t t t t t t t t t tt t t t t t t t t tA
T
Type J Insertion
t t t tt t tA
T
H⇒ t t t t t t t t t tt t t t t t t t tA
T
Type K Insertion
t t t tt t tA
T
H⇒ t t t t t t t t t tt t t t t t t t tA
T
Type L Insertion
t t tt tA
T
H⇒ t t t t t t t t tt t t t t t t tA
T
Type M Insertion
t t t t tt t t tA
T
H⇒ t t t t t t t t t t tt t t t t t t t t tA
T
Type N Insertion
t t tt t tA
T
H⇒ t t t t t t t t tt t t t t t t t tA
T
Type O Insertion
t t t t tt t t t tA
T
H⇒ t t t t t t t t t t tt t t t t t t t t t tA
T
Type P Insertion
B. Alspach, J. Liu / Discrete Mathematics 309 (2009) 5461–5473 5465
4. The cases GP(n, 1) and GP(n, 2)
In this paper, we will deal with the cases k = 1, 2 and 3 of Conjecture 2.2. The case k = 1 is particularly simple.
Corollary 4.1. The generalized Petersen graph GP(n, 1), n = 3, is Hamilton-connected, unless it is bipartite in which case it is
Hamilton-laceable.
Proof. The theorem follows immediately from the Chen–Quimpo Theorem because GP(n, 1) is a connected Cayley graph
on an Abelian group. 
As soon aswemove to k = 2, everything becomes considerablymore complicated. For the sake of completeness,weprove
the property mentioned earlier for the non-hamiltonian generalized Petersen graphs, that is, GP(6m + 5, 2). The proof for
this special situation involves techniques from our toolkit. For convenience throughout the rest of the paper, we use interval
notation for successively labelled vertices in a cyclic fashion. For example, [u1, u5) denotes the vertices u1, u2, u3, u4, and
(vn−1, v2] denotes the vertices vn, v0, v1, v2, where we are using the labelling scheme from the definition of generalized
Petersen graphs. The meaning for interval notation should now be clear.
Theorem 4.2. Every pair of non-adjacent vertices in GP(6m+ 5, 2), m = 0, is connected by a Hamilton path.
Proof. We proceed by induction on m. When m = 0, GP(6m+ 5, 2) is the Petersen graph P . It is known [9, page 264] that
Aut(P) is a rank 3 group, that is, it acts transitively on the pairs of adjacent vertices of P and acts transitively on the pairs
of non-adjacent vertices of P . Thus, it suffices to show there is a Hamilton path joining some pair of non-adjacent vertices.
This is a triviality so that the result holds form = 0.
We label the vertices of GP(6m + 5, 2) according to the definition for generalized Petersen graphs. We now prove the
result for GP(11, 2) directly. Let H be the Hamilton path u0u1v1v3 . . . v10u10u9 · · · u2. It is easy to verify that we obtain
Hamilton paths from u0 to any of
{u2, u5, u6, u8, u9, v1, v3, v4, v5, v7, v8, v9, v10}
from a sequence of Posa exchanges starting with H . The reflection automorphism of GP(11, 2) fixing u0, v0 leaves only u4
and u7 missing Hamilton paths from u0. The Hamilton path
u0u1v1v3u3u2v2v0v9u9u10v10v8u8u7v7v5u5u6v6v4u4
takes care of u4 and the reflection picks up u7.
Because of the rotational automorphisms of GP(11, 2), there is a Hamilton path joining any ui to any vj, i 6= j, and any ui
to any uj, j 6= i ± 1. This still leaves Hamilton paths between non-adjacent vertices vj and vk, where k 6= j ± 2. If we start
with the Hamilton path
v0v2u2u3v3v1u1u0u10v10v8u8u9v9v7u7u6v6v4u4u5v5
and apply Posa exchanges, we find Hamilton paths from v0 to each of v1, v3, v4, v5, v6, v7, v8, v10. The rotational
automorphisms take care of the other appropriate vi, vj pairs.
Assume that GP(6m + 5, 2) satisfies the theorem for some value of m = 1 and consider GP(6m + 11, 2). The group
Aut(GP(6m+ 5, 2)) has two orbits on the vertex set of GP(6m+ 5, 2)whenm > 0. One orbit is {u0, u1, . . . , u6m+4} and the
other orbit is {v0, v1, . . . , v6m+4}. Hence, it suffices to find Hamilton paths joining u0 to all other non-adjacent vertices and
v0 to any other non-adjacent vi.
Consider u0 and ui, where 2 5 i 5 6m+ 9, in GP(6m+ 11). We want to prove there is a Hamilton path whose terminal
vertices are u0 and ui. Because GP(6m+ 11) contains at least 17 vertices, one of the intervals (u0, ui) or (ui, u0) contains at
least eight vertices. Suppose the interval (u0, ui) has at least eight vertices.
By induction there is a Hamilton path H from u0 to ui−6 in GP(6m + 5, 2). If H terminates with the edge ui−5ui−6, then
the edges of H near ui−6 must look like the situations described in insertions of type A or type B, with ui−6 playing the role
of T . Hence, we can use the appropriate insertion to obtain a Hamilton path from u0 to ui in GP(6m+ 11, 2).
If H terminates with the edge ui−7ui−6, then the edges of H near ui−6 must look like the situations described in insertions
of type C or type D, with ui−6 again playing the role of T . Hence, we can use the appropriate insertion to obtain a Hamilton
path from u0 to ui in GP(6m+ 11). In a similar manner, if H terminates with the edge vi−6ui−6, then one of the insertions of
types E, F, G or H works. This gives a Hamilton path joining u0 and ui in GP(6m+ 11)when the interval (u0, ui) has at least
eight vertices.
If the interval (u0, ui) has fewer than eight vertices in GP(6m + 11), then the interval (u0, u6m+11−i) has at least eight
vertices in GP(6m+11). There is a Hamilton path from u0 to u6m+11−i in GP(6m+11) by the argument above. The reflective
automorphism fixing u0 and v0 then gives a Hamilton path from u0 to ui. We have now shown that there is a Hamilton path
from u0 to any vertex ui, for 2 5 i 5 6m+ 9, via the induction hypothesis.
We now consider Hamilton paths whose terminal vertices are vi, where i 6= 0. The initial vertex may be either u0 or v0.
Of course, if the initial vertex is v0, then vi 6∈ {v2, v6m+9}. We know that at least one of the intervals (v0, vi) or (vi, v0) has
eight or more vertices. Suppose it is (v0, vi). Consider the vertex vi−6 in GP(6m+ 5, 2). There is a Hamilton path from u0 to
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Fig. 1.
vi−6 in GP(6m+ 5, 2) by induction. Similarly, there is a Hamilton path in GP(6m + 5, 2) from v0 to vi−6. We may then use
the appropriate insertion from type I through type P to get a Hamilton path from either u0 or v0 to vi in GP(6m + 11, 2).
If there are fewer than eight vertices in (v0, vi), then use the same method used above when (u0, ui) has fewer than eight
vertices.
We then have all the required Hamilton paths and the proof is complete. 
Wemove to the general case for k = 2, but firstwe establish the following simple characterization of bipartite generalized
Petersen graphs.
Proposition 4.3. The generalized Petersen graph GP(n, k) is bipartite if and only if n is even and k is odd.
Proof. Suppose GP(n, k) is bipartite. Since u0u1 · · · un−1u0 forms a cycle of length n, n must be even. Similarly,
u0v0vkukuk−1uk−2 · · · u0 forms a cycle so that kmust be odd.
Conversely, suppose that n is even and k is odd. Color the vertices of GP(n, k)with two colors as follows: ui is colored red
if and only if i is even, whereas, vj is colored red if and only if j is odd. It is easy to see this is a proper coloring from which
we conclude that GP(n, k) is bipartite. 
From the preceding proposition, we see that GP(n, 2) is never bipartite. Consequently, we need to establish Hamilton
connectedness when appropriate. The following theorem completely settles the issue for k = 2.
Theorem 4.4. The generalized Petersen graph GP(n, 2) is Hamilton-connected if and only if n ≡ 1, 2, or 3(mod 6) and n = 3.
Proof. The graph GP(3, 2) is covered by Corollary 4.1, GP(4, 2) is degenerate, and GP(5, 2) is part of the exceptional family
covered by Theorem 4.2. Though tedious, it is not difficult to verify that GP(7, 2), GP(8, 2) and GP(9, 2) are Hamilton-
connected.
We use GP(7, 2) as the initial value for n ≡ 1(mod 6). For GP(13, 2), we can get Hamilton paths from u0 to
any of {u8, u9, . . . , u12, v8, v9, . . . , v12} by using insertions in the appropriate Hamilton paths in GP(7, 2). The reflection
automorphism that fixes u0, v0 then takes care of Hamilton paths from u0 to any of {u1, u2, . . . , u5, v1, v2, . . . , v5}. A slight
modification of the insertions covers u7 and v7 as well. Consider a Hamilton path from u0 to u1 in GP(7, 2). Then type A, B, E,
G or H insertions apply with the incoming edge on the left of A removed because A is u0. We then get a Hamilton path from
u0 to u7 in GP(13, 2). A similar modification to the appropriate type chosen from I, J, K, L, O and P gives Hamilton paths from
u0 and v0 to v7. We get u6, v6 via a reflection automorphism.We obtain the remaining GP(n, 2), n ≡ 1(mod 6), by induction
and insertions.
We use GP(8, 2) as the initial value for n ≡ 2(mod 6). For GP(14, 2), we can get Hamilton paths from u0 to
any of {u8, u9, . . . , u13, v8, v9, . . . , v13} by using insertions in the appropriate Hamilton paths in GP(8, 2). The reflection
automorphism that fixes u0, v0 then takes care of Hamilton paths from u0 to any of {u1, u2, . . . , u6, v1, v2, . . . , v6}. The
same modification described above takes care of u7 and v7. We obtain the remaining GP(n, 2), n ≡ 2(mod 6), by induction
and insertions.
We use GP(9, 2) as the initial value for n ≡ 3(mod 6). For GP(15, 2), we can get Hamilton paths from u0 to
any of {u7, u8, . . . , u14, v7, v8, . . . , v14} by using insertions in the appropriate Hamilton paths in GP(9, 2). The reflection
automorphism that fixes u0, v0 then takes care of Hamilton paths from u0 to any of {u1, u2, . . . , u6, v1, v2, . . . , v6}. We
obtain the remaining GP(n, 2), n ≡ 3(mod 6), by induction and insertions.
It is not difficult to verify that there is no Hamilton path from u0 to u2 in either GP(6, 2) or GP(10, 2). The method we use
to show that GP(n, 2), n ≡ 0, 4(mod 6), is not Hamilton-connected is based on two techniques. One technique is to show
that the existence of a Hamilton path with a certain structure, from u0 to u2 in GP(6m, 2) and GP(6m+ 4, 2),m = 2, implies
the existence of a Hamilton path from u0 to u2 in GP(6m− 6, 2) and GP(6m− 2, 2), respectively. The other technique is to
show that Hamilton paths from u0 to u2 with certain structures cannot exist. Because there is none for GP(6, 2) or GP(10, 2),
there is none for any GP(6m, 2) or GP(6m+ 4, 2).
We illustrate the process by going through one of the subcases in detail. The discussion refers to the subgraph shown in
Fig. 1. Suppose the first edge of the Hamilton path from u0 to u2 uses the edge u0v0. Since the edge u0u1 cannot be used, the
Hamilton path is forced to terminate with v1u1u2. Similarly, the subpaths v0v2v4 and v3u3u4 must appear in the Hamilton
path. The other edge incident with v1 is not forced. If it is v1v3 (shown dotted), then all of the remaining edges shown in
Fig. 1 are forced to be in the Hamilton path. Note that it has the form of a type C insertion having been completed. We can
perform the reverse and remove the 12 vertices. We call this a type C excision and carrying it out gives us a Hamilton path
in GP(n− 6, 2) from u0 to u2. So this is an example of a Hamilton path from u0 to u2 with a particular structure that allows
us to remove 12 vertices and have a Hamilton path from u0 to u2 in GP(n− 6, 2).
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Fig. 2.
Returning to the same initial condition as above, suppose that the other edge incident with v1 is v1vn−1. Then the edges
shown in Fig. 2 are forced to be in any Hamilton path from u0 to u2. The next spoke (edges of the form uivi) to the right of
u3v3 must be uivi, where i is even. Otherwise, we have a small cycle occurring. For example, suppose the spoke u5v5 is the
next spoke to the right of u3v3. Because u4v4 is not in the path, then we would have the cycle u3u4u5v5v3 occurring. The
continuation of the path is completely determined in that it can complete a Hamilton path only when n is odd. Thus, we
cannot have a Hamilton path from u0 to u2 with the given initial conditions for even n.
It is tedious, though not difficult, to verify that all other initial conditions for a Hamilton path from u0 to u2 either allow
us to excise 12 vertices and find a Hamilton path from u0 to u2 in GP(n − 6, 2) or to show that there is no Hamilton path
from u0 to u2 satisfying the initial conditions. In any case, we get that no GP(n, 2), n ≡ 0, 4(mod 6), has a Hamilton path
from u0 to u2. Of course, the situation for GP(n, k), n ≡ 5(mod 6), already has been covered. The proof of the theorem is
complete. 
While Theorem 4.4 provides an affirmative answer to Conjecture 2.2 when k = 2, it also suggests that the hypothesis
gcd(n, k) = 1 may be misleading. The result in the next section casts even more shadows on the hypothesis.
5. The case GP(n, 3)
Theorem 5.1. The generalized Petersen graph GP(n, 3) is Hamilton-connected if and only if n is odd and n > 5. It is Hamilton-
laceable if and only if n = 4 is even and n 6= 6.
Proof. Note that GP(n, 3) is bipartite if and only n is even. Because of the two automorphisms
(u0)(v0)(u1 un−1)(u2 un−2) . . .
and
(u0 u1 . . . un−1)(v0 v1 . . . vn−1),
it suffices to find the following Hamilton paths:
(i) from u0 to um, vm,m even, and from v0 to vm,m even, when n is odd; and
(ii) from u0 to um,m odd andm 5 n/2, from u0 to vm,m even andm 5 n/2, and from v0 to vm,m odd andm 5 n/2, when
n is even.
Consider n ≡ 1(mod 6). Let H be the Hamilton path
u0u1v1v5v2u2u3v3v0v4u4u5u6v6
from u0 to v6 in GP(7, 3). Using the appropriate numbers of type Q insertions, with u1 playing the role of A, and type R
insertions, with u6 playing the role of A, we obtain a Hamilton path from u0 to vm for any non-zerom ≡ 0(mod 6) and any
n ≡ 1(mod 6). There is a Hamilton path from u0 to v0 because GP(n, 3) is hamiltonian.
Now use the Hamilton path
u0v0v4u4u5u6v6v3u3u2u1v1v5v2
from u0 to v2 in GP(7, 3). Using the appropriate number of type S insertions, with u0 playing the role of A, followed by
the appropriate number of type T insertions, with u0 playing the role of B, we get Hamilton paths from u0 to vm for all
m ≡ 2(mod 6) and any n ≡ 1(mod 6).
Use the Hamilton path
u0v0v3u3u2u1v1v5v2v6u6u5u4v4
from u0 to v4 in GP(7, 3). Using the appropriate numbers of type Q insertions, with u3 playing the role of A, and type U
insertions, with u5 playing the role of A, we get Hamilton paths from u0 to vm for allm ≡ 4(mod 6) and any n ≡ 1(mod 6).
Note that for the type Q insertions, we delete the internal edge incident with v4 so that it is the terminal vertex of the path.
We have now shown that there is a Hamilton path from u0 to any vertex vi, of odd distance from u0, in GP(n, 3) for
n ≡ 1(mod 6). We now move to establishing the same result with ui replacing vi.
The Hamilton path
u0u1v1v5v2v6u6u5u4v4v0v3u3u2
from u0 to u2 in GP(7, 3) is our starting point. Using the appropriate numbers of type Q insertions, with u3 playing the role
of A, and type V insertions, with u0 playing the role of A, we get Hamilton paths from u0 to um for allm ≡ 4(mod 6) and any
n ≡ 1(mod 6).
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The Hamilton path
u0u1v1v5u5u6v6v2u2u3v3v0v4u4
from u0 to u4 in GP(7, 3) is our starting point. A reverse type S insertion is what we obtain by interchanging clockwise and
counterclockwise (thus B is the leftmost vertex, A is in the middle, the unmarked vertex is the rightmost and all jump three
edges go forward instead of backward). Then the appropriate numbers of reverse type S insertions, with u4 playing the role
of B, and type T insertions, with u1 playing the role of A, give us Hamilton paths from u0 to um for allm ≡ 2(mod 6) and any
n ≡ 1(mod 6).
The Hamilton path
u0v0v4v1u1u2v2v5u5u4u3v3v6u6
from u0 to u6 in GP(7, 3) is our starting point. The appropriate numbers of type S insertions, with u6 playing the role of A,
and reverse type T insertions, with u2 playing the role of B, give us Hamilton paths from u0 to um for allm ≡ 0(mod 6) and
any n ≡ 1(mod 6).
We are left with finding Hamilton paths starting at v0 and terminating at vm,m even. The Hamilton path
v0u0u6v6v3u3u2u1v1v4u4u5v5v2
goes from v0 to v2 in GP(7, 3). Using the appropriate numbers of typeW insertions, with u0 playing the role of A, and type T
insertions,with u4 playing the role of A,we obtainHamilton paths from v0 to vm for allm ≡ 2(mod 6) and any n ≡ 1(mod 6).
The Hamilton path
v0u0u1v1v5v2u2u3v3v6u6u5u4v4
goes from v0 to v4 in GP(7, 3). Using the appropriate numbers of type W insertions, with u1 playing the role of A, and type
Q insertions, with u0 playing the role of B and no forward edge of jump three incident with v0, we obtain Hamilton paths
from v0 to vm for allm ≡ 4(mod 6) and any n ≡ 1(mod 6).
The Hamilton path
v0u0u6u5v5v2u2u1v1v4u4u3v3v6
goes from v0 to v6 in GP(7, 3). Using the appropriate numbers of typeW insertions, with u0 playing the role of A, and type X
insertions,with u0 playing the role of B,we obtainHamilton paths from v0 to vm for allm ≡ 0(mod 6) and any n ≡ 1(mod 6).
This completes the proof for n ≡ 1(mod 6). For the remaining cases we outline the requirements in the following tables.
There are a few words we should say about working with the tables.
In the table for n ≡ 2(mod 6), the readerwill note that some of the paths are taking place in GP(8, 3) and some are taking
place in GP(14, 3). There is a simple explanation for this. For example, the first path is a Hamilton path in GP(8, 3) from u0
to u1, and the insertion is a type Q insertion with u3 playing the role of A. Successive insertions then give us Hamilton paths
from u0 to u1 in every GP(n, 3) for n ≡ 2(mod 6). However, that path does not allow insertions between u0 and u1 so that
we cannot use it to obtain Hamilton paths from u0 to um for other values of m ≡ 1(mod 6). The next path in the table is a
Hamilton path in GP(14, 3) from u0 to u7 allowing insertions on both sides of u7. This then gives us Hamilton paths from u0
to um for all other values ofm ≡ 1(mod 6)withm 5 n/2.
Someof the insertions are listed asmodified. For example, theHamiltonpath fromu0 tou5 inGP(14, 3) calls for amodified
type Y insertion with A= u13. The modification here means that the horizontal edge incident with B in the figure is replaced
by a vertical edge incident with B. The inserted edges remain the same and everything then works as required.
Another feature of the tables of which the reader should be aware is exemplified by the table for n ≡ 2(mod 6). There are
paths from u0 to v2 and u0 to v4 given in GP(8, 3). Both of them have insertions on both sides of vm so that we get Hamilton
paths from u0 to all vm, wherem ≡ 2, 4(mod 6), in GP(n, 3), n ≡ 2(mod 6). Now if we take the reflection of the path from
u0 to v2, keeping u0 and v0 fixed, we get a path from u0 to v6 in GP(8, 3) with insertions on both sides of v6. Thus, we can
get a Hamilton path from u0 to vm, withm ≡ 0(mod 6), for all n ≡ (mod 6).
The modifications that are required are straightforward to produce.
Hamilton path Insertions
u0v0v3u3u2v2v5u5 Type Q, A= u3
u4v4v7u7u6v6v1u1 –
u0v0v3u3u2u1v1v12u12u13 Type Q, A= u5
v13v2v5u5u4v4v7v10u10 Type W, A= u11
u11v11v8u8u9v9v6u6u7 –
u0u1u2v2v5v0v3v6 Type Y, A= u7
v1v4v7u7u6u5u4u3 –
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Hamilton path Insertions
u0v0v11u11u10v10v7v4u4u5 Type X, A= u10
u6u7u8v8v5v2v13u13u12 Type T, A= u0
v12v1u1u2u3v3v6v9u9 –
u0v0v11u11u10v10v13u13u12 Type X, A= u1
v12v1u1u2v2v5v8u8u9v9 Modified type Y, A= u13
v6v3u3u4v4v7u7u6u5 –
u0v0v5u5u4u3v3v6 Modified type W, A= u0
u6u7v7v4v1u1u2v2 Type S, A= u7
u0v0v5v2u2u1v1v6 Type S, A= u0
v3u3u4u5u6u7v7v4 Type T, A= u7
v0u0u7v7v4u4u3v3 Modified type W, A= u0
v6u6u5v5v2u2u1v1 Type X, A= u7
v0u0u7u6u5v5v2v7 Modified reverse type U,
B= u1
v4u4u3u2u1v1v6v3 Modified reverse type U,
B= u5
n ≡ 2(mod 6)
Hamilton path Insertions
u0u8v8v2v5u5u4u3v3 Type V, A= u1
v0v6u6u7v7v4v1u1u2 Type Q, A= u5
u0v0v3v6u6u5v5v2v8 Type X, A= u7
u8u7v7v4v1u1u2u3u4 Reverse type T,
B= u0
u0u8u7v7v4v1u1u2v2 Reverse type T,
B= u5
v8v5u5u4u3v3v0v6u6 –
u0v0v3v6v9v12u12u11v11v8 Reverse type S,
B= u14
u8u9u10v10v13u13u14v14v2v5 Reverse type T,
B= u0
u5u4u3u2u1v1v4v7u7u6 –
u0u1u2v2v8v5u5u6v6 Type W, A= u4
v0v3u3u4v4v1v7u7u8 –
u0v0v3v6u6u5u4u3u2 Reverse type S,
B= u0
u1v1v4v7u7u8v8v5v2 Type T, A= u6
u0v0v3v6u6u5v5v2v8 Type T, A= u1
u8u7v7v1u1u2u3u4v4 Type X, A= u6
u0u1v1v7v4u4u5u6u7 Type Q, A= u3
u8v8v5v2u2u3v3v0v6 Modified type V,
A= u8
u0v0v6v3u3u4v4v7v1 Type T, A= u5
u1u2v2v5u5u6u7u8v8 –
v0u0u8v8v5u5u4u3v3 Type W, A= u0
v6u6u7v7v4v1u1u2v2 Type X, A= u8
(continued on next page)
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Hamilton path Insertions
v0u0u8u7v7v1u1u2v2 Type T, A= u0
v8v5u5u6v6v3u3u4v4 Type Q, A= u6
v0u0u1v1v7v4u4u5u6 Type W, A= u2
u7u8v8v5v2u2u3v3v6 Modified type Q,
A= u8
v0u0u8u7u6v6v3u3u2 Type U, A= u2
u1v1v7v4u4u5v5v2v8 –
n ≡ 3(mod 6)
Hamilton path Insertions
u0u9v9v2u2u3u4u5v5v8 Modified reverse type Y,
A= u1
u8u7u6v6v3v0v7v4v1u1 Type Q, A= u8
u0v0v7v4u4u5v5v8v1u1 Type T, A= u0
u2v2v9u9u8u7u6v6v3u3 Reverse type S, B= u3
u0u1v1v8v5v2u2u3u4v4 Type Q, A= u1
v7v0v3v6v9u9u8u7u6u5 Type Y, A= u9
u0u1v1v8v5u5u6u7u8u9 Modified type Q, A= u1
v9v6v3v0v7v4u4u3u2v2 Modified reverse type S,
B= u4
u0u1u2u3u4u5u6v6v3v0 Type V, A= u0
v7u7u8u9v9v2v5v8v1v4 Type Q, A= u6
u0u1v1v8v5u5u6u7u8u9 Modified reverse type S,
B= u4
v9v2u2u3u4v4v7v0v3v6 Modified type V, A= u5
v0v7v4u4u3v3v6v9u9u0 Modified reverse type W,
A= u2
u1u2v2v5u5u6u7u8v8v1 Reverse type S, B= u2
v0u0u9u8v8v1u1u2u3u4 Modified type Y, A= u0
v4v7u7u6u5v5v2v9v6v3 Type Q, A= u7
v0u0u1v1v8u8u9v9v2u2 Type X, A= u2
u3v3v6u6u7v7v4u4u5v5 Reverse type W, B= u7
n ≡ 4(mod 6)
Hamilton path Insertions
u0u10v10v2v5u5u4u3v3v0v8 Reverse type Y, A= u1
u8u9v9v6u6u7v7v4v1u1u2 Type Q, A= u5
u0v0v3u3u2u1v1v4v7u7u8 Type Y, A= u3
v8v5v2v10u10u9v9v6u6u5u4 Type X, A= u9
u0v0v8u8u7v7v4u4u5v5v2 Type V, A= u4
v10u10u9v9v1u1u2u3v3v6u6 Type X, A= u7
u0v0v8v5v2v10u10u9v9v1u1 Type V, A= u4
u2u3v3v6u6u5u4v4v7u7u8 Reverse modified type S,
B= u9
u0v0v3u3u4u5v5v8u8u9v9 Type W, B= u0
v6u6u7v7v4v1u1u2v2v10u10 Type W, A= u9
B. Alspach, J. Liu / Discrete Mathematics 309 (2009) 5461–5473 5471
Hamilton path Insertions
u0v0v8u8u7u6v6v3u3u2u1 Modified type X, A= u1
v1v9u9u10v10v7v4u4u5v5v2 Type Y, A= u5
u0v0v3u3u4u5v5v8u8u9u10 Modified type T, A= u1
v10v2u2u1v1v9v6u6u7v7v4 Type T, A= u7
u0u1v1v9u9u10v10v7v4u4u5 Type Q, A= u1
v5v2u2u3v3v0v8u8u7u6v6 Type Y, A= u10
u0u1v1v9v6u6u7u8u9u10v10 Type Q, A= u1
v7v4u4u5v5v2u2u3v3v0v8 Type Y, A= u10
u0v0v8u8u7v7v4u4u3v3v6 Type X, A= u1
u6u5v5v2u2u1v1v9u9u10v10 Modified type Y, A= u10
v0u0u1v1v9u9u10v10v7v4u4 Reverse type W, B= u1
u5v5v8u8u7u6v6v3u3u2v2 Reverse type X, B= u2
v0u0u10v10v2u2u1v1v9u9u8 Type Y, A= u0
v8v5u5u4u3v3v6u6u7v7v4 Type X, A= u8
v0u0u10v10v2u2u1v1v9u9u8 Type W, A= u2
v8v5u5u6u7v7v4u4u3v3v6 Type X, A= u8
v0u0u1v1v9u9u10v10v7v4u4 Type W, A= u1
u5v5v2u2u3v3v6u6u7u8v8 Modified type Q, A= u8
v0u0u10u9u8v8v5u5u6u7v7 Type W, A= u2
v4u4u3v3v6v9v1u1u2v2v10 –
n ≡ 5(mod 6)
Hamilton path Insertions
u0v0v3v6v9u9u8v8v11u11u10v10 Reverse type S, B= u0
v7u7u6u5v5v2u2u3u4v4v1u1 Type Y, A= u4
u0v0v3v6v9u9u8v8v11u11u10v10 Reverse modified type S,
B= u0
v7u7u6u5v5v2u2u1v1v4u4u3 Type V, A= u8
u0v0v9u9u8v8v11u11u10v10v7u7 Type V, A= u3
u6v6v3u3u4v4v1u1u2v2v5u5 Type X, A= u5
u0u1v1v10v7v4u4u5v5v8v11u11 Reverse type W, B= u1
u10u9u8u7u6v6v9v0v3u3u2v2 Type W, A= u3
u0v0v9u9u8v8v11u11u10v10v7 Type W, A= u0
u7u6v6v3u3u4u5v5v2u2u1v1v4 Type X, A= u5
u0v0v3u3u4v4v1u1u2v2v5 Reverse type S, B= u0
u5u6u7v7v10u10u11v11v8u8u9v9v6 Type V, A= u8
v0u0u11u10v10v7v4u4u3v3v6 Modified type Q, A= u0
v9u9u8u7u6u5v5v8v11v2u2u1v1 Reverse type W, B= u2
v0u0u11v11v2u2u1v1v10u10u9 Reverse type W, B= u2
v9v6u6u5v5v8u8u7v7v4u4u3v3 Type X, A= u9
v0u0u11u10v10v7u7u6u5u4v4 Modified type Q, A= u0
v1u1u2u3v3v6v9u9u8v8v11v2v5 Type Y, A= u9
n ≡ 0(mod 6)
This completes the proof. 
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t t t tt t t tA B H⇒ t t t t t t t t t tt t t t t t t t t tA B
Type Q Insertion
t t t tt t t tA B H⇒ t t t t t t t t t tt t t t t t t t t tA B
Type R Insertion
t t t tt t tA B H⇒ t t t t t t t t t tt t t t t t t t tA B
Type S Insertion
t t t tt t tA B H⇒ t t t t t t t t t tt t t t t t t t tA B
Type T Insertion
t t t t t tt t tA B H⇒ t t t t t t t t t t t tt t t t t t t t tA B
Type U Insertion
t t t t tt tA B H⇒ t t t t t t t t t t tt t t t t t t tA B
Type V Insertion
t t t t tt t tA B H⇒ t t t t t t t t t t tt t t t t t t t tA B
Type W Insertion
t tt tA B H⇒ t t t t t t t tt t t t t t t tA B
Type X Insertion
t t tt t tA B H⇒ t t t t t t t t tt t t t t t t t tA B
Type Y Insertion
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